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ABSTRACT : 

The paper presents arguments for the existence of a geometric order, harmony in nature and the arts 

based on the presentation of the amazing number ʌ, known as the Golden Section. The paper also 

presents simple geometric considerations regarding ʌôs special properties, and those of rectangles, 

triangles, spirals built around the Golden Section. Due to its properties, the Golden Section has been 

used from the early Paleolithic man to the artist of today passing through Egyptian times, Antiquity, 

Renaissance, modernism and post modernism. Without excluding other connections between 

science and art, the author presents evidence of the presence of ʌ in some works of Art whose 

harmonic analysis is presented in this paper. 

 

INTRODUCTION  

 

Old Greeks called the geometrical proportion (a/b=c/d) analogia. Vitruvius used the same word to 

express harmoniously ordered repeated proportions. These proportions, or ñanalogiesò, introduced 

ñsymmetryò and analogical recurrences in all consciously composed plans. Recent discoveries in 

archaeology show that ñhuman understanding of analogy occurred much earlier than ever thought 

(Lower Paleolithic), and by way of a ñmathematical ideaò which remained firmly routed in human 

thought to this very day [2]. ñSymmetry, after Vitruvius, resides in the correlation by measurement 

between various elements of the plan, and between each of these elements and the wholeé As in 

the human bodyéIt proceeds from proportion and it achieves consonance between every part and 

the wholeéThis symmetry is regulated by the modulus, the standard of common measure which 

the Greeks called the numberò [1]. 

ñEverything is arranged according to Numberò was the principle announced by the Pythagoreans 

and adopted by Plato. This fundamental principle is not present only in Art (in 1398 a Gothic 

Master Builder said with no doubt that ñArs sine Scientia Nihilò) but also in Life and Living 

Growth. 

The idea of proportion used beginning from Paleolithic times passing through Egyptian times and 

extensively used by the Greeks and Gothic architects and present in living forms as well, has as a 

common characteristic, the use of a ratio or proportion called by Luca Pacioli, the friend of 

Leonardo, ñThe Divine Proportionò. Keppler called it ñone of the Two Jewels of Geometryò while 

today this concept goes by the name of ñThe Golden Section.ò 



Geometrical considerations: 

A ratio is the definite measuring, the quantitative ñweighingò of two values. If a and b are two 

segments, the ratio a/b is the measure of a if b is taken as unit of length. As Euclid said ñProportion 

is the equality of two ratiosò AB/BC=a/b=m, where m is the module of the ratio. 

A proportion is formed when we equal two or more ratios having the same module. If A,B,C,D are 

segments of a straight line measured by the lengths a,b,c,d if a/b=c/d we have a geometric 

proportion. This proportion is discontinuous if a,b,c,d are diferent, or continuous if two terms are 

equal.The typical continuous proportion is a/b=b/c. From this ratio, we have b
2
=ac. Therefore, 

b=ãac which signifies that b is the geometrical mean between a and c. 

In Timaeus, Plato observed that Ăit is impossible to combine two things without a third one: we 

must have between them a correlating link. Such is the nature of proportion...ò 

If we take the continuous proportion a/b=b/c and we try to make a simplification considering the 

case in which c=a+b, we obtain the proportion a/b=b/(a+b) or (b/a)
2
=(b/a)+1. If we note b/a=x, we 

have an equation x
2
=x+1 whose roots are (1+ã5)/2=1,618 and (1-ã5)/2. 

The positive root is the ratio called Golden Section, or Ădivision into mean and extreme ratioò. 

Geometrically, if we have a segment divided in two parts, these parts correspond to the Golden 

section if Ăthe ratio between the greater and smaller part of  a segment is equal with the ratio 

between the whole segment and the greater partò. 

This is illustrated by the figure 1:                           A________________C_________B 

It presents one segment divided by the Golden Section: AB/AC=AC/CB=1,618 and is noted with 

symbol ū. 

Now, if we take a closer look to the human hand bones we will observe that the same proportion 

governs the dimensions of these bones: 

                          

Figure 2: Human hand bones: Letôs notice that 11/12=(11+12)/11=1,618= ū and these lengths 

of 12,11,10, 9 form a progression as we will see farther down. 

This number ū has several remarcable algebraic properties.  

Properties of ū: 



ū=(1+ã5)/2=1,618; ū²=2,618é=(ã5+3)/2; 1/ū=0,618é= (ã5-1)/2 
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We can notice that inside the geometrical progression 1, ū, ū
2
, ū³,...., ū

n
.... every term equals the 

sum of the preceding two terms. 

Importa nt property: The ū progression is at the same time additive and geometrical-The 

growth of living beings follows the same alghoritm like this ū progression.  

If we come back to the length of human hand bones, we observe with respect to the figure 2 that the 

length of the bone noted 10 equals the length of the bone 11 added to the length of the bone 12. The 

same is valuable for the bones 9=10+11. It is important to notice that the growth of bones are 

subject to a constant growth, therefore they are growing with a constant in such a way that this 

golden section will be allways respected (correspond to the progression 1, ū, ū², ū³). 

Now, we will show simple geometrical ways to built segments whose lengths are correlated 

according to the Golden Section. 

1. Starting from a segment AB to which we add a smaller segment BC in such a way that 

AB/BC=1,618=ū  

 

                        Figure 3A                                                                                  Figure 3B 

2. Starting from a segment AC which will be divided in two segments whose lengths forms a 

Golden Section: AC/AB=AB/BC= ū=1,618, figure 3B 

Seeing these graphical representations we understand better Vitruvius when he says ñSymmetry 

resides in the correlation by measurement between various elements of the plan, and between 

each of these elements and the wholeò. Indeed we see that what is segment BC for AB, is AB 

for the whole segment AC and it is 1.618, the Golden section. And this division of a segment is 

the most satisfactory for the eyes, giving too an aesthetic impression. This is also valuable for 

three horizontal lines separated by intervals obeying the proportion as seen in the figure 4: 



 

Figure 4 

Fechner, in 1876, initiated a sort of Gallup poll for the ñgolden rectangleò where the ratio between 

length and height is 1,618. A large audience reached the conclusion that between many types of 

rectangles, the most satisfactory for the eyes is the Golden Rectangle. This rectangle is full of 

surprises. If we build a square on the smaller side, we get a new rectangle which is also a golden 

rectangle, and the process can be repeated indefinitely as 

bellow.

 

 Figure 5A Dividing the Golden rectangle            Fig 5B The progression in the Golden rectangle.  

We can notice that the area of the squares and that of rectangles built in this way form a diminishing 

progression of 1/ ū
2
.  Reversely, we see that the smallest area we add to a golden rectangle in order 

to get a new golden rectangle is a square. This square is called ñgnomonò and is the smallest surface 

which, added to a given surface, produces a similar surface. The golden rectangle is the only 

rectangle the gnomon of which is a square. Related to the Golden rectangle and the gnomonic 

growth is also the logarithmic spiral having the ū rectangle as characteristic rectangle built using 

the Hambidgeôs ñwirlingò squares as in figure 5B. This spiral and other based on ã ū are often seen 

in nature in the shape of shells. Aesthetically speaking, we can quote professor Timmerding who 

said that this idea gives ñthe reassuring impression by what remains similar to itself in the diversity 



of evolutionò. This gnomonic growth of consecutive segments in ū progression can be illustrated 

also by a simple geometric construction using the compass as in figure 6 bellow: 

 

Note AB=BC+CD, BC=CD+DEé ; AB/BC=BC/CD=CD/DE 

In this progression we notice that every term is the sum of the preceding two and that is valuable 

because the segments are correlated by a Golden section rule. (see similarities with the human hand 

already mentioned before). Again the quotation from professor Timmerding is reassuring :  

ñThe Golden section imposes itself whenever we want by a new subdivision to make two equal 

consecutive parts or segments fit into a geometric progression, combining thus the threefold effect 

of equipartition, succession, continuous proportion.ò 

Once we have the notion of Golden section letôs see its occurrence throughout time. As we have 

already mentioned in the introduction, the extensive and systematic archaeological studies of 

Gowllett showed that the amazing ū was present from the early time of the hominids. ñMaking 

hand-axes in the same proportions (ū proportion) at different sizes provides the earliest practical 

demonstration of principles treated hundred of thousand years later in Euclidôs Elements of 

Geometryò (Gowlett 1993:71[3]). This idea is re-enforced by the numerous artifacts, the 

Bilzingsleben Microliths manufactured 350.000 years before. 

 

Figure 7: ū in the Acheullian-Kilombe hand-axes respecting the Golden Section 

It is clear that it was not the mastery of mathematics was the reason of building such precise tools as 

these hand axes at that time, but something else, precisely, the capacity of early hominids to make 



analogies. Scientists agree that the transformation of primates into humans evolved from the 

moment when these primates begun to use their hands to manufacture tools. Using the hand for 

hundred thousand years implied also carefully observing the hand and its inner proportions. No 

wonder, the first tools respected these proportions.  

Now, moving to Egyptian times we notice already continuity in mastering ū and the geometry of 

proportions based on the Golden Section. It is now the moment to present the special triangle of 

Price, a right angle triangle having the sides proportional with 1, ã ū, and ū. (see figure 8 where 

SM/SO=SO/OM=ã ū , the only right angle triangle having sides in geometrical progression. W.A. 

Price observed that two such triangles having in common their longer of the right angle sides form 

the meridian section through the Great Pyramid of Giza.  

        

                  Figure 8  Price Triangle                            Figure 9 Great Pyramid of Giza.  

Dimensions of the great pyramid (after Howard Vyse): Height OS=148,2 m, OM=232,8/2=116,4 m 

148,2/116,4=1,273=ãū.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   

We notice from figure 8 that the Price triangle is half of the rectangle OMNS which has the ratio 

between longer and shorter side ã ū. This rectangle can be also obtained from the ū rectangle 

accordingly with figure 10a, is related with the ū theme and can be divided into three similar 

rectangles like in figure 10b. 

           

               Figure 10A                                                     Figure 10B 



And because we have mentioned Egypt times and its architecture, it should be presented special 

right angle parallelepipeds as the one from figure 11 that has as base a ū  rectangle, the vertical 

transversal section a square and the vertical sides also ū rectangles. It is a form present in many 

Egyptian pieces of furniture as the stool of Tutankhamenôs tomb. 

 

            Figure 11                                                                    Figure 12 

The right angled parallelepiped 1, ū, ū
2
, (see figure 12) that has been used in the form of many 

Egyptian tombs as for example tomb 105 of Giza. 

These geometric forms had a sacred significance too. The Egyptians assigned the concept of the 

ratio-retaining expansion of a rectangular area to the god Osiris, who was, therefore, often shown in 

ancient Egyptian frescoes seated on a square throne (square= kingship) in which the original square 

and its L-shaped gnomon are clearly delineated (Catherine Yronwood-Sacred Geometry-What is it? 

[4] ). 

Now, let go back to the geometry of the plane to observe a special isosceles triangle, the one that 

has an angle of 36
o
 at the sharp vertex A (see figure 13a). This triangle has the ratio between any of 

the equal sides and the side opposite to the 36
o
 angle governed by the Golden Section. 

AC/CB=AB/BC= ū. This triangle is the constitutive component of the Pentagon that is closely 

related to the Golden Section, too. (See figure 13b). Here the characteristic ratio is the ratio between 

any diagonal of the pentagon starting from a vertex and the side opposite to that vertex. 

 

                                       Figure 13a                                        Figure 13b 


